This study concludes that the shape as well as the time of breakthrough of a water or a gas cone are significantly affected by the pressure drop within the wellbore. An analytical model is used to demonstrate features of the movement of a cone when pressure drops in the wellbore are important. It is shown that wellbore hydraulics produces a self-sharpening feature and this leads to breakthrough at the heel of the well. This behavior may not be demonstrated by assuming an infinite-conductivity wellbore. The model described here may be used to assist simulation studies by providing specifics on the movement of the cone.
Introduction
Early studies of water and gas coning modeled horizontal wells as infinite-conductivity conduits and predicted breakthrough along the entire length of the well. Practically all field reports, however, indicated that in the absence of high permeability streaks or fractures intersecting the horizontal well, breakthrough would occur near the heel end of the well. It is now well known that this is a result of frictional pressure drop inside the horizontal well. Despite the need for an improved understanding of coning toward horizontal wells, the inherent difficulties of modeling coning and finiteconductivity horizontal wells have precluded comprehensive yet practical investigations. Particularly, the lack of simplified analytical models of cone build-up and practical methods to compute the breakthrough time of finite-conductivity horizontal wells have rendered the numerical simulation as the only resort.
The objective of this study is to present an analytical model to investigate coning toward a finite-conductivity horizontal well. The model provides insight on the build-up of a water or gas cone toward a horizontal well and helps us better understand the details of the shape of the cone in relation to wellbore conductivity. As numerical simulation requires significant resources in terms of time, the model given here may be used as a screening device before proceeding with detailed numerical studies. In addition, the model presented in this study can predict the location of the cone as a function of time. This can be a valuable input for local grid refinement while tracking the movement of the water/gas-oil interface. It will also assist in ensuring that pertinent issues are addressed properly. In general, the discussions and the examples provided in this paper should enhance our understanding of coning toward finiteconductivity horizontal wells and therefore fill the gap in the literature.
General Definitions
In many oil reservoirs, water or gas is contiguous to the oilbearing strata. In such a system, viscous and gravitational forces act upon the interface between the oil and water or gas. The viscous forces result from the removal of fluids from the reservoir whereas the gravitational forces are a result of the density difference between the two fluids (oil and water or gas). If the viscous forces exceed the gravitational forces, then a cone is formed (by the unwanted fluid; that is, water or gas) and grows towards the wellbore until the gravitational forces balance the viscous forces at some elevation. If such a balance is never attained, the unwanted fluid eventually breaks into the wellbore.
The maximum production rate to limit the pressure gradients at the level of the gravitational gradient is defined as the critical production rate. [1] [2] [3] [4] [5] [6] When production takes place at or below the critical rate, the water or gas cone is stable below (or above for gas coning) the well and no breakthrough occurs. However, factors such as the production mechanism, flow conditions, and the interaction between the fluids, 7, 8 affect the coning behavior and not under all circumstances does a stable cone and a critical production rate exist. In addition, production at supercritical rates may also be required by the
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The evolution of a cone and its breakthrough time have been the subject of various studies. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] The effect of finitewellbore conductivity on coning behavior and breakthrough time, however, is yet to be investigated in sufficient detail. In this study, we present an approximate analytical model to predict the behavior of an evolving cone and its breakthrough into a finite-conductivity horizontal well. The model combines the finite-conductivity horizontal well model developed in Ref. 15 with the general coning model developed in Ref. 12 . Below, we briefly discuss the physical model and the assumptions and then summarize the analytical treatment of the problem. The discussion of the results obtained by the new model follows.
Physical Model and Assumptions
The model we consider is the same as the one discussed in Ref. 12 except we concentrate on production from a finiteconductivity horizontal well. We consider an oil-bearing formation that is in contact with water at the bottom or gas at the top. Because the same model can describe both water and gas coning, we restrict our discussion to an oil-water system hereafter. Investigation of gas coning only requires that the water phase properties used in the model be replaced by those of the gas phase.
A sketch of the system studied is shown in Fig. 1 . The well is located at ( ). 2D anisotropy is considered and r k and z k are used to denote the horizontal and vertical permeability, respectively. Originally, the WOC is flat and the oil zone has a uniform thickness, h. Capillary pressure gradients and oil stripping are neglected. 7, 8, 11, 12 As in Refs. 9-12, the mobility of water is assumed to be identical to that of oil. The density difference between oil and water, however, is taken into account in computing the interface velocities.
It should be emphasized that in this study, we consider an active (live) aquifer that supplies water into the oil zone without significant loss of its potential. In such systems, bottom-water drive is the main production mechanism and flow is mainly in the vertical direction (the counterpart of this case for gas coning is a large gas cap). Note that the characteristics of the system described here are different from those that would be expected in case of an inactive (dead) aquifer under the oil zone where the bottom water contributes little to oil recovery. In other words, bottom water can be represented as a mobile interface with the oil zone and flow of oil is mainly in the lateral direction. Therefore, despite the similarities in the shape of the cones developing in both cases, the results of this study should not be compared to those obtained from the inactive aquifer models.
Analytical Treatment
As we mentioned before, we combine the coning model presented in Ref. 12 with the finite-conductivity well model discussed in Ref. 15 . The details of the analytical treatment of both components of the problem can be found in the aforementioned references and will not be repeated here. In this section, we only introduce the model and define the variables used.
Analytical Model. Because the gravity is expected to influence the cone behavior, it is convenient to deal with the potential function,
Here i p is the initial reservoir pressure which, in view of the physical representation, is preserved at the original WOC, 
where we defined
and
In Eqs. 2-4, o ρ and w ρ correspond, respectively, to the densities of oil and water. Therefore, the potential at some
at the water-oil interface can be written as
Note that we are interested in the movement of the highest point (apex) of the cone that is below the axis of the well ( 0 = y ). The velocity of the water-oil interface at 0 = y is given by
where
In writing Eq. 6, we neglected the mobility difference between oil and water and let µ z k represent the mobility of oil. Therefore, the distance traveled by the cone apex and the time of travel are related by vdt dz f = (8) or integrating ( )
Because, in this study, we only investigate the movement of the water-oil interface, in obtaining Eq. 9, we dropped the subscript f ( Φ in Eq. 9 is given by Eq. 5 with the subscript f dropped). Eq. 9 is the basic equation used to trace the apex of the cone in this study. To evaluate Eq. 9, the potential function, Φ , on the water-oil interface must be known. The function Φ can be obtained from the function Φ (see Eqs. 3 and 5) which is the potential solution for a system where the wateroil boundary is fixed at its initial position and is kept at initial
Physically, Φ corresponds to the potential when the density difference between oil and water is also neglected (since we have already assumed that the mobilities of water and oil are the same, this indicates that the properties of the fluids above and below the interface are identical). The model described here is similar to that used in Ref. 12 but here the pressure drop inside the horizontal well is taken into account in computing the potential function. We will discuss the expression to compute the vertical potential gradient after we define the dimensionless variables.
Definitions. For purposes of generality, results given in this paper are presented in dimensionless form. The following definitions are used. The dimensionless potential,
The Dimensionless distance in the horizontal direction is defined by
As is well known, the dimensionless well length, D L , is an important parameter that governs the performance of a horizontal well and is defined by
where L is the length of the horizontal well. ( ) q by assuming noflow top and bottom reservoir boundaries. Here we assume constant-pressure bottom and no-flow top boundary conditions to simulate the effect of an aquifer at the bottom of the formation (for gas coning, we switch the conditions at the top and bottom boundaries). This requires that the reservoir pressure drop solution used in the algorithm given in Ref. 15 be replaced by that representing the conditions of interest in this study. We provide the appropriate reservoir pressure drop solution to be used in this replacement in the Appendix. Once the flux distribution, hDi q , is known, the dimensionless vertical potential distribution in the reservoir produced by a horizontal well can be computed from the following expression:
and 
Discussion of Results
Here we present some results to demonstrate the effect of finite wellbore conductivity on the development and advance of a cone toward a horizontal well and discuss the reduction caused on the breakthrough time. We compare the results with those obtained by the conventional infinite-conductivity wellbore assumption. We demonstrate the unstable nature of the cone development when the wellbore is not infinitely conductive and display the shape of the cone as a function of time to put light on the location of breakthrough along the well length. Some of the results shown here have been discussed in the literature based on physical expectations or approximate computations. To the best of our knowledge, this is the first study to demonstrate the details of the effect of wellbore hydraulics on water/gas coning using a 3D analytical model. Not surprisingly, our results do not validate some of the common expectations that have been based on heuristic arguments.
We use two examples to demonstrate the influence of wellbore hydraulics on water/gas coning. The first example is a negligible wellbore pressure drop case and displays characteristics that are very similar to those of an (idealized) infinite-conductivity horizontal well. The second example, on the other hand, has significant wellbore pressure drop and is intended to demonstrate the characteristics of water/gas coning toward finite-conductivity horizontal wells. In both examples, we also provide the corresponding results for an idealized infinite-conductivity horizontal well for comparison purposes. . The data set used in this example has been chosen to guarantee that the wellbore pressure losses would be negligible.
In Fig. 2 , we investigate the development of the cone as it starts from the original
) and advances into the oil zone. The figure shows the dimensionless elevation of the cone apex as a function of dimensionless time by the circular data points. For comparison, we also show the results for the infinite-conductivity wellbore idealization. These are shown by the unbroken and dashed lines in Fig. 1 . The top curve is the breakthrough curve and denotes the pairs of the wellbore location and the corresponding breakthrough time (for this curve, the vertical axis of Fig. 2 corresponds to the dimensionless elevation of the well from the original WOC; that is, wD z ). The curves labeled by the values of wD z are the buildup curves. Four buildup curves are shown in Fig. 2 for four different elevations of the horizontal well: 25 . 0 = wD z , 0.5, 0.75, and 1. The shapes of the buildup curves indicate that the cone forms slowly in the beginning and accelerates as it approaches the wellbore. The steeper slope of the buildup curves for smaller horizontal well elevations also indicate that small perturbations in production conditions can result in premature breakthrough into such wells. As we noted previously, for the cases investigated in Fig. 2 , wellbore pressure losses are insignificant. Therefore, the buildup and breakthrough results (circular data points) follow closely the curves denoting the results for the idealized infiniteconductivity case. ) as a function of time. We note from this figure that the top of the cone is relatively flat in the beginning. As the cone approaches the well, the central sections of the cone move faster and the shape of the cone becomes acute. Again, there is no significant difference between the actual (circular data points) and the idealized infinite-conductivity cone profiles. This result is important in that it contradicts the common expectation that the top of the cone would be flat for production from an infiniteconductivity horizontal well. In fact, our results indicate that a flat cone top is only the case for uniform-flux horizontal wells. For infinite-conductivity horizontal wells, the convergence of flow across the tips of the well reduces the vertical pressure gradients at the ends of the well and thus causes slower movement of the cone. Similarly, pressure drop along the horizontal well does not cause breakthrough at the heel end of the horizontal well but moves the cone apex slightly toward the heel end. As we will show later in our second example, the asymmetry of the cone profile with respect to the mid point of the horizontal well becomes more apparent as the pressure drop along the horizontal well increases (that is, the cone apex becomes closer to the heel of the well).
As expected from the cone profiles shown in Fig. 3 , breakthrough occurs in the central portions of the well if wellbore pressure losses are not significant. Fig. 4 shows the breakthrough times along the well length for various locations of the horizontal well. For the cases where the horizontal well is closer to the original WOC, the breakthrough occurs almost simultaneously along the entire length of the well. As the well becomes farther away from the original WOC, the breakthrough occurs in the middle sections first. (Note that once the water breaks into the well at one point, water is produced together with oil and the single-phase production model used in this study is no longer valid. Therefore, the breakthrough times shown in Fig. 4 after the first breakthrough along the well are only for completeness.)
The results shown in Figs. 2-4 were for a case where the influence of finite-wellbore conductivity (wellbore pressure loss) was insignificant. Below, we consider another example in which finite wellbore conductivity plays an important role in production characteristics and thus has a significant effect on coning behavior.
Significant effect of wellbore hydraulics.
Here, we examine a case where finite wellbore conductivity significantly affects the coning characteristics. The data used in this example are shown in Table 2 . As in the example considered above, for convenience, we use dimensionless variables in presenting our results. The dimensionless production rate for this data set is 6 = The drainage area is such that 3 . 3 ≥ eD r . We first examine the development of the cone for this data set in Fig. 5 (circular data points) . For comparison purposes, we also present the results obtained by using the idealized infinite-conductivity horizontal well assumption (the unbroken and dashed lines). The top curves with open circular data points and the dashed lines denote the breakthrough curves for the finite-conductivity (actual) and the infinite-conductivity (ideal) cases, respectively. Similarly, the filled-in circular data points and the unbroken lines correspond to the buildup curves for the finite-and infinite-conductivity well cases, respectively. The general characteristics of the buildup and breakthrough curves shown in Fig. 5 are similar to those that were discussed in Fig. 2 . The comparison of the finite-and infinite-conductivity well results, however, reveal, in addition to the fact that the time to breakthrough is drastically reduced by the effect of finite conductivity, that the cones are less stable for finite-conductivity horizontal wells. The steep buildup curves clearly show that the cone would be extremely susceptible to small perturbations in the production conditions. In Figs. 6 and 7, we examine the shape of the cone profile for the infinite-conductivity (ideal) and finite-conductivity (actual) horizontal well cases, respectively. In both figures, the horizontal well is at the top of the oil zone ( 1 = wD z
). Fig. 6 shows that the top of the cone is relatively flat except in the two ends below the tips of the well. Note that the shape of the cone in this case is more in accord with the common expectations compared to the case shown in Fig. 3 . This is because of the fact that the horizontal well in Fig. 6 is 2 .625 times longer than the well in Fig. 3 and thus the contribution of flow across the tips of the well is less significant. These are, however, idealized results and are for reference purposes only. The actual shape of the cone for the case examined here is shown in Fig. 7 . The effect of finite wellbore conductivity is drastic here. First of all, the apex of the cone is very close to the heel of the well (however, not exactly at the heel). Second, the WOC remains flat at approximately its original level for almost the half of the horizontal well toward the toe end. To the best of our knowledge, the profile of the water-oil interface as the water cone advances toward a finite-conductivity horizontal well has not been published in the literature. The results also indicate that the 2D analytical, numerical, and experimental models (normal to the axis of the well) cannot capture the essential features of water coning toward horizontal wells.
14 These results are also extremely important for the numerical simulation of water coning where local grid refinement is essential to track the movement of the water-oil interface.
After examining the characteristics of cone development toward finite-conductivity horizontal wells, we now investigate the influence of production rate and horizontal well length on breakthrough time. Fig. 8 shows the dimensionless breakthrough times, bD t , as a function of the dimensionless rate group,
(the circular data points in Fig. 8 ). The parameter of interest in this figure is the dimensionless well location, wD z . Again, for completeness and comparison purposes, we also show the results for the infinite-conductivity horizontal well idealization (the unbroken lines in Fig. 8) . The results displayed in Fig. 8 indicate, as expected, that the breakthrough time increases as the clearance between the WOC and the well increases. For large values of D q , the breakthrough time is inversely proportional to D q . Also, for a given rate, the breakthrough time increases as the dimensionless well length, D L , increases. As noted in Ref. 12 , an important observation from Fig. 8 is that if rates are low enough, then the breakthrough time becomes very large. By definition, the rate at which the breakthrough time becomes infinitely long is the critical production rate. We observe from Fig. 8 that the general characteristics of the results for the infinite-and finite-conductivity horizontal-well cases are similar. As expected, however, breakthrough occurs earlier for the finite-conductivity case. Furthermore, the change in the breakthrough time as a result of a change in the production rate or horizontal well length is larger for the finiteconductivity-horizontal well case (the slopes of the curves for the finite-conductivity cases in Fig. 8 are steeper) . As also discussed in Ref. 12 for the infinite-conductivity case, Fig. 8 indicates that the critical rates are usually too small to be economically feasible.
Because longer horizontal wells are usually recommended to delay breakthrough, we finally investigate in Fig. 9 the influence of horizontal well length on breakthrough time. Here, the dimensionless breakthrough time is plotted as function of the dimensionless horizontal well length with the dimensionless well location ( wD z ) being the parameter of interest (the circular data points). The unbroken lines represent the corresponding results for the infinite-conductivity horizontal well idealization. It is important to observe from this figure that, as expected, the breakthrough time increases as the horizontal-well length increases. For the infiniteconductivity assumption, at a limiting length of the horizontal well, the breakthrough time becomes infinitely large. This indicates that 6 = D q is the critical production rate for this horizontal well length and well location. The more realistic finite-conductivity well results (circular data points), however,
is always above the critical rate for all possible horizontal well lengths permitted by the drainage area and breakthrough always occurs regardless of well length. Furthermore, Fig. 9 also indicates that beyond an optimum length depending on the location of the well, further increasing the horizontal well length does not increase the breakthrough time. This is a result of the fact that increasing the horizontal well length increases the frictional pressure loss in the wellbore and thus the expected decrease in the vertical pressure gradients in the reservoir are not realized. Therefore, the results shown in this figure emphasize that the use of infinite-conductivity models may lead to inappropriate horizontal-well design and erroneous predictions of well performance under water and gas coning conditions.
Conclusions
In this study, we have presented a model to investigate the development of a water or gas cone and its breakthrough time into a finite-conductivity horizontal well. The results obtained from this model warrant the following conclusions. 1. Breakthrough occurs in the middle sections of horizontal wells when the pressure losses in the wellbore are negligible (infinite-conductivity horizontal well idealization). 2. When wellbore hydraulics plays a major role on well productivity (finite-conductivity horizontal well), the cone apex is closer to the heel end of the horizontal well and the water or gas breakthrough occurs closer to the heel. 3. In cases where wellbore pressure drop has significant influence on well performance, increasing the horizontal well length beyond a limiting value does not delay breakthrough. 4. Finite wellbore conductivity makes the cone more susceptible to small perturbations in production conditions. Slight increases in production rate may cause sudden and premature breakthrough.
5.
The results re-emphasize the importance of wellbore hydraulics on water and gas coning and indicate the significance of the model presented in this study. 6. The model presented in this study is a valuable tool to obtain a first estimate of the location of the water/gas-oil interface and the breakthrough time that can be extremely useful for simulation studies. 
Nomenclature
Here, we have divided the horizontal well into M equal segments and assumed uniform flux in each segment. 
